We introduce three de nitions of the q-analogs of Motzkin numbers and illustrate some combinatorial interpretations of these q-numbers. We relate the rst class of qnumbers to the steep parallelogram polyominoes' generating function according to their width, perimeter and area. We show that this generating function is the quotient of two q-Bessel functions. The second class of q-Motzkin numbers enumerates the inversions of steep Dyck words, while the third one counts the steep staircase polyominoes according to their area. These enumerations allow us to illustrate various techniques of counting and q-counting.
Introduction
The Motzkin numbers M n arise in a variety of combinatorial situations some of which are described in 14]. Furthermore, there are some nice algebraic relations between these numbers and some other quantities, such as Catalan numbers and trinomial coe cients 4]. Many q-generalizations of Catalan numbers have been de ned and studied and many combinatorial interpretations of these q-numbers have been found (see 19] for a survey). On the contrary, to the authors' knowledge, no de nition of q-analogs of Motzkin numbers exists. In this paper, we de ne the following three q-generalizations of Motzkin numbers: M n (x; q),M n (q), M n (q) and we propose a combinatorial interpretation of each qgeneralization. These interpretations also allow us to illustrate various recent techniques of counting and q-counting. Section 2 of this paper contains the de nitions of q-Motzkin numbers and q-Bessel functions, and the descriptions of some combinatorial objects. In Section 3, we use object grammars 16] to establish a relationship between q-Motzkin numbers M n (x; q) and steep parallelogram polyominoes' generating function according to their width, perimeter and area. By using a method based on the study of path pairs in the plane 18], we prove that the generating function is the quotient of two q-Bessel functions. In Section 4, we determine steep staircase polyominoes' generating function according to their width and area and, by means Supported by the Italian Ministry for Univerity and Scienti c Research and by EC grant CHRX-CT93-0400 and PRC-Maths/Info y Dipart. di Sistemi e Informatica, Via Lombroso 6/17, 50134 Firenze, Italy, pire@ingfi1.ing.unifi.it z LaBRI, Universit e de Bordeaux I, 33405 Talence Cedex, France,fedou@labri.u-bordeaux.fr of a recursive method illustrated in 7], we establish that the q-Motzkin numbersM n (q) enumerate these polyominoes according to their area. Finally, in section 5, we enumerate steep Dyck words according to their length and inversion number by means of q-grammars 10] . We show that the q-Motzkin numbers M n (q) count the inversions of the steep Dyck words. 
Words
Let X be an alphabet. We de ne the free monoid generated by X, denoted X , as the set of nite words written with the letters taken from X. The product of u = u 1 : : : u p 2 X and v = v 1 : : :v q 2 X is de ned as the concatenation of these words: uv = u 1 : : : u p v 1 : : : v q .
The word u is called a left factor of the word w = uv. The empty word is denoted by ". The number of times the letter a 2 X occurs in the word w is denoted by jwj a , while the length of w is denoted by jwj = P a2X jwj a : The set of Dyck words is the set of words w on X = fx; xg characterized by the following two conditions:
for any left factor u of w, juj x juj x , jwj x = jwj x . Let w = w 1 w 2 : : :w 2n 2 be a Dyck word. An inversion of w is a w i w j pair, where w i = x, w j = x, and i < j. The 
q-Calculus
The following are the q-calculus notations most commonly used:
(a; q) n denotes the Q n i=1 (1 ? aq i?1 ) product and (a; q) 0 = 1, (q) n = Q n i=1 (1 ? q i ) is a simpli ed notation of (q; q) n , (yq) n = Q n i=1 (1 ? yq i ) is a simpli ed notation of (yq; q) n .
We also need (1=q)-analogs and so we denote:
q-Motzkin numbers
The Motzkin numbers M n are traditionally de ned by the following recurrence relation:
Therefore, the Motzkin numbers' generating function M(x) = P n 0
M n x n veri es M(x) = 1 + xM(x) + x 2 M 2 (x) and so:
Motzkin numbers can be expressed in terms of the Catalan numbers C n = We now introduce three de nitions of q-Motzkin numbers and, in the following sections, we go on to determine some combinatorial interpretations of these numbers.
De nition 1 We de ne the q-analogs of Motzkin numbers as:
M n+1 (x; q) = M n (xq; q) + n?1 X k=0 M k (x; q) M n?k?1 (xq; q); M 0 (x; q) = xq (3) We note that the rst and second de nitions are similar to Carlitz q-Catal numbers, while the third one corresponds to the Polya-Gessel q-Catalan numbers. Moreover, M n (q) = q ( n+2 2 ) M n (q ?1 ); and, by putting q = 1; x = 1, we obtain the Motzkin numbers (M n (1) =M n (1) = M(1; 1) = M n ).
q-Bessel functions
The Bessel functions of order , with integer, are commonly de ned by:
Several q-analogs of these functions were rst de ned and studied by Jackson 24] and subsequently by Ismail 23] , and Gessel and Stanton 22]. They are all de ned as:
J (x; q) = X n 0 (?1) n a n; x n+ (q) n (q) n+ :
For instance, the q-Bessel functions that count parallelogram polyominoes are:
2 ) x n (q) n (yq) n ;
More precisely, the generating function of parallelogram polyominoes according to their area, width and height is J 1 (x;y;q) J 0 (x;y;q) (see 11] and 5]). This function is related to the Polya-Gessel q-Catalan numbers 21, 31].
De nition 2 We de ne the q-analogs of the Bessel functions J 0 and J 1 as: J 0 (x; y; q) = X n 0 (?1) n x n (q) n (yq) n ; J 1 (x; y; q) = X n 1 y x n (q) n?1 (yq) n :
The amazing result is that these q-Bessel functions arise when counting steep parallelogram polyominoes and are related to some q-Motzkin numbers.
We also need the (q; 1=q)-Bessel functions and so we de ne:
De nition 3J
0 (x; y; q; 1=q) = X n 0
x n q ( n+1 2 ) (qy) n (1=q) n ; J 1 (x; y; q; 1=q) = X n 1
x n y q ( n 2 ) (qy) n (1=q) n?1 :
We wish to point out that these two functions belong to a strange ring of formal power series in x and y, with coe cient in the Laurent series in 1=q, de ned as: In this section, we enumerate steep parallelogram polyominoes according to their width, perimeter and area and we show that their generating function is related both to q-Motzkin numbers M n (x; q) and q-Bessel functions J 0 ; J 1 .
Results
A rst and simple result is the enumeration of steep parallelogram polyominoes according to their perimeter. M n (x; q) t n :
The relationship between the area generating function of steep parallelogram polyominoes and q-Bessel functions is not very obvious. Let G SP (x; t; q) be the steep parallelogram polyominoes' generating function according to their width (x) height (y) and area (q).
Theorem 3 The generating function of steep parallelogram polyominoes according to their width, height and area is G SP (x; y; q) = J 1 (x; y; q) J 0 (x; y; q) ; (6) and so we get:
Corollary 1 The generating function of steep parallelogram polyominoes according to their width, perimeter and area is F SP (x; t; q) = J 1 (tx; t; q) J 0 (tx; t; q) : Thus, this result is very similar to the generating function of ordinary parallelogram polyominoes, but it involves some other q-Bessel functions. It can be deduced from the functional q-equation 4 . We now give a combinatorial proof based on the study of path pairs in the plane as proposed by F edou and Rouillon 18].
Proofs
Steep parallelograms polyominoes can be recursively de ned by the two basic operations illustrated in gure 4.
The former operation has arity 1 and consists in adding a cell to each column of the polyomino. 2 trees) , and all kinds of objects generated by a unary operation, a binary operation and one basic object (see gure 5 for some isomorphic object grammars). If we denote F SW (x; t; q) = P n 0 F n (x; q) t n , then we obtain: F n (x; q) = F n?1 (xq; q) + n X k=0 F k (xq; q)F n?k (x; q);
where F 0 (x; q) = F 1 (x; q) = 0 and F 2 (x; q) = xq. From the de nition of q-Motzkin numbers, it follows that F n (x; q) = M n?2 (x; q), and we obtain (5).
The proof of theorem 6 is based on the study of some path pairs in the plane according to 18]. Let C be the set of the plane paths that are either empty or made up of a sequence of North and East unit steps, and that begin at the origin and end with an East step. Let C be the set of these paths having no pairs of consecutive East steps (see g 6). C n andC n denote the paths of C andC having n width. We obtain some useful results by means of a simple proposition:
Proposition 2 The generating functions of the paths of C n andC n according to their area, height and width are:
SG Cn (x; y; q) = x n (yq) n and
SGC n (x; y; q) = q ( n 2 ) x n y n?1 (yq) n ; (8) respectively. Furthermore, we consider:
C the set of the paths of C beginning with an East step.
j C the set of the paths of C beginning with a North step.
C the set of the paths ofC beginning with an East step.
jC the set of the paths ofC beginning with a North step. We index these sets by n when we only take paths of n width into consideration. We then obtain the following generating functions. In order to prove theorem 6, we count these sets according to their width, height and positive area as far as the former path is concerned (the generating functions are given in Corollary 2), while we count the latter negatively according to its area. We only need to replace x by 1, y by 1 and q by 
Steep staircase polyominoes and q-Motzkin numbers
In this section, we determine the steep staircase polyominoes' generating function according to their area and width and show that it is related to the q-Motzkin numbersM n (q).
Results
Let G SS (s; x; q) be the steep staircase polyominoes' generating function according to the area (q), width (x) and length of the rightmost column (s 
By solving this functional equation we obtain the generation function. ):
From this theorem it follows that:
Theorem 6 The generating function of steep staircase polyominoes having width n according to their area is equal to the q-Motzkin numberM n?1 (q), i.e. : G SS (1; x; q) = x X n 0M n (q) x n : (10) Moreover:
G SS (1; x; q) = E 1 (1; x; q) E 0 (1; x; q) = : : :
Corollary 3 The number of steep staircase polyominoes having width n is equal to the (n ?
1)th Motzkin number.
Proof
Let P be a steep staircase polyomino. We denote the length of its rightmost column by l(P)), its width h(P) and its area a(P). The steep staircase polyominoes' generating function according to the above-listed parameters is : G SS (s; x; q) = X P2SS s l(P) x h(P) q a(P) : Figure 9 illustrates a recursive description of steep staircase polyominoes. A steep staircase polyomino P can be recursively de ned in the following way: 1. P is made up of only one cell; 2. P is obtained by gluing a steep staircase polyomino P 0 to a column C of length k l(P By means of Lemma 3 and equation 9, we get the generating function G SS (s; x; q) of Theorem 5.
Let us now take the generating function G SS (1; x; q) into consideration. The proof of Theorem 6 is based on the study of the functions E 1 (1; x; q) and E 0 (1; x; q). By means of some computations, we obtain: Lemma 8 The functions E 0 (x; y; q) and E 1 (x; y; q) satisfy the following equations: E 0 (1; xq; q) = E 0 (1; x; q) + E 1 (1; x; q); xq E 1 (1; xq; q) = E 1 (1; x; q) ? xq E 0 (1; x; q):
From Lemma 8, we deduce that: G SS (1; xq; q) = xq E 1 (1; xq; q) xq E 0 (1; xq; q) = E 1 (1; x; q) ? xq E 0 (1; x; q) E 0 (1; x; q) + E 1 (1; x; q) ; and so we obtain: G SS (1; x; q) = xq + xq G SS (1; xq; q) + xq G SS (1; x; q)G SS (1; xq; q): (12) If we denote G SS (1; x; q) = P n 0 S n (q) x n , then we get:
S n (q) = S n?1 (q)q n + n?2 X k=1 S k (q)S n?k?1 (q)q k+1 ; S 1 (q) = q:
From the q-Motzkin numbers' de nition, it follows that S n (q) =M n?1 (q) and we obtain (10) . If A(1; x; q) = 1 + G SS (1; x; q), then:
A ( 
Steep Dyck words and q-Motzkin numbers
In this section, we enumerate steep Dyck words according to their length and inversion number and we show that their generating function is related to the q-Motzkin numbers M n (q).
Results
The set of steep Dyck words is an algebraic language and, by applying Sch utzenberger's methodology 13, 33], we obtain: Theorem 9 The number of the steep Dyck words having length 2n is equal to the (n ? 1)th Motzkin number.
Let G SW (x; q) be the steep Dyck words' generating function according to their inversion number (q) and length (x). By means of q-grammars 10 S ! x x j x S x j x S x S: (14) Let G SW (x) = P n 1 S n x n , where S n is the number of steep Dyck words having length 2n. By applying Sch utzenberger's methodology, we can deduce the following equation:
G SW (x) = x + x G SW (x) + x G 2 SW (x); and Theorem 9 follows from it.
We obtain the proof of Theorem 10 by means of q-grammars. This method is an extension of Sch utzemberger's methodology as developed by Delest and Fedou 10] . A q-grammar is an attribute grammar (G; ) (see 26, 17] ) satisfying the following conditions:
G is an unambiguous algebraic grammar; is a synthesized attribute whose values are in C j j X S fqg], where X is G's alphabet; for every letter x 2 X and every word w of G's language, we have j (w)j x = jwj x . (w) is an element of (X S fqg) and is called the q-analog of w and is denoted by (w; q). Let us now consider the q-grammar (G; ), where G is grammar (14) and is the synthesized attribute de ned on every rule by:
where S g is the left occurrence of S in every rule of G. Let S(x; q) = P w2SW x jwjx q j(w;q)jq . From the theory of q-grammars we deduce:
S(x; q) = xq + xq S(xq; q) + xq S(xq; q)S(x; q): (15) We then obtain the following property: Lemma 11 j(w;q)j q = jwj x (jwj x + 1) 2 ? inv(w) (16) Proof. From the de nition of , it follows that:
(xw x; q) = q jwjx+1 x (w; q) x; (xw 1 xw 2 ) = q jw 1 jx+1 x (w 1 ; q) x(w 2 ; q); and so j(xw x; q)j q = jwj x + 1 + j(w;q)j; j(xw 1 xw 2 )j q = jw 1 j x + 1 + j(w 1 ; q)j + j(w 2 ; q)j: We prove (16) If we denote S(x; q) = X n 0 S n (q) x n = X n;k 0 S n;k x n q k ;
we deduce from Lemma 11 that S n;k is the number of steep words having length 2n and n(n+1) 2 ? k. Therefore, the steep Dyck words' generating function according to their length and inversion number G SW (x; q) = P n 0 G n (q) x n is such that G n (q) = q ( n+1 2 ) S n (q ?1 ). From equation 15 , it follows that: S n (q) = S n?1 (q)q n + n?2 X k=1 S k (q)S n?k?1 (q)q k+1 ; S 1 (q) = q;
and consequently:
G n (q) = G n?1 (q) + n?2 X k=1 G k (q)G n?k?1 (q)q (k+1)(n?k?1) ; G 1 (q) = 1:
By means of the q-Motzkin de nition, we get G n (q) = M n?1 (q) and this proves Theorem 10.
We can also prove Theorem 10 by using the steep staircase polyominoes' results and the following combinatorial property: Lemma 12 The set of steep Dyck words having length 2n and k inversions is in bijection with the set of steep staircase polyominoes having width n and area n(n+1) 2 ? k. Proof. Let w be a steep Dyck word having length 2n and k inversions. We examine the set of cells P between the Dyck path of w and the path of xx xx : : : xx xx (see gure 10). Since the inversion number of w is equal to the area of the Ferrers diagram lying between the Dyck path of w and the path of x : : :x x : : : x, the number of P's cells is n(n+1) 2 ?k. Moreover, each
North-East step (s i?1 ; s i ) of the Dyck path (i.e. each x of w) corresponds to a column of P having length c i equal to the ordinate of s i . But the path is a steep Dyck path and so the length of these columns are such that:
for any i 2 1::n], c i+1 = c i + 1 or c i+1 < c i .
Therefore, if we translate P's columns along the Southeast direction as shown in gure 10, we obtain a steep staircase polyomino having n columns and area n(n+1) 2 ? k.
The reverse side of the bijection is easily obtained by reversing the construction.
2
It follows from Theorem 6 that the steep staircase polyominoes' generating function according to their width and area is G SS (1; x; q) = P n 1M n?1 (q)x n , and, by means of Lemma 12, we deduce G SW (x; q) = P n 1 q ( n+1 2 )M n?1 (q) x n . However, M n (q) = q ( n+2 2 )M n (q ?1 ) and this proves Theorem 10.
